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46

47

48.

49

. The growth rate is given by

b'(1)=10* -2 « 10*() = 10,000 - 2000z.
At 7= 0:5°(0)=10,000 bacteria/hour

At t=5:b’(5) = 0 bacteria/hour

At t=10: b'(10) = -10,000 bacteria/hour

.@@) g'(x)= %(;;3 )=3x2

H(x)= %(f —2)=3x>
F(x)= %(;;3 +3)=3x2

(b) The graphs of NDER g(x), NDER #(x), and NDER 1(x)
are all the same, as shown.

[—4, 4] by [—10, 20]

(c) f(x) must be of the form f(x)= %% +¢, where cis a
constant.

(d) Yes. f(x)=x>

(e) Yes. f(x)= 243

For ¢ > 0, the speed of the aircraft in meters per second after
3600 sec 1 km

t seconds is v(t) = %t. Multiplying by

we find that this is equivalent to 8¢ kilometers per hour.
Solving 8¢ =200 gives ¢ = 25 seconds. The aircraft takes
25 seconds to become airborne, and the distance it travels
during this time is D(25) ~ 694.444 meters.

. (a) Assume that fis even. Then,

e = i LExE =0

lmfu ne f@

h—0 h

1h  1000m’

(b) Assume that fis odd. Then,
Flex)= nlC x+h) f=x)

h—>0
i == m+fu{
=0 h
and substituting k =
—f(X+k)+f(X)
k—>0 —k
ACES k) f(x)
k—)O
So, f’ is an even functlon.

=f'(x)

d d d
50— () =—— R

dh . dg df
= fl g D ane %8 |y gne Y
f(g dx d.x] 81 i

(e (s

Section 3.5 Derivatives of Trigonometric
Functions (pp. 141-147)

Exploration 1 Making a Conjecture with
NDER
1. When the graph of sin x is increasing, the graph of
NDER (sin x) is positive (above the x-axis).
2. When the graph of sin x is decreasing, the graph of
NDER (sin x) is negative (below the x-axis).

3. When the graph of sin x stops increasihg and starts
decreasing, the graph of NDER (sin x) crosses the x-axis
from above to below.

4. The slope of the graph of sin x matches the value of
NDER (sin x) at these points.

5. We conjecture that NDER (sin x) = cos x. The graphs
coincide, supporting our conjecture.

™ £ sk
S Ry

[—27, 27] by [—4, 4]

———and substituting k=7,

i LG+ )
k—0 —k
ot k) f(x)
k—>0
So, f’ is an odd functlon.

==f"(x)

6. When the graph of cos x is increasing, the graph of
NDER (cos x) is positive (above the x-axis).
When the graph of cos x is decreasing, the graph of
NDER (cos x) is negative (below the x-axis).
When the graph of cos x stops increasing and starts
decreasing, the graph of NDER (cos x) crosses the x-axis
from above to below.
The slope of the graph of cos x matches the value of
NDER (cos x) at these points.



6. Continued

We conjecture that NDER (cos x) = —sin x. The graphs
coincide, supporting our conjecture.

At

R
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g inn e Lo 22 L cinny- L a2
R dx(4 x“sin x) dx(4) [x dx(smx)+(smx)dx(x )]

=0—[x% cosx + (sin x)(2x)]
=—x?cosx—2xsinx

d d d d
. a(3x+xtanx)— a(3x)+{xa(tanx)+(tanx)a(x)]

[—27, 27] by [—4, 4] =3+ xsec’x+ tanx
Quick Review 3.5 dl 4 d
T 3z 7. — =—(4 secx)=4 sec x tan x
1. 135°% =2 2235 dx\cosx ) dx
180° 4
(1+cosx)—‘i(x)—xi(l+cosx)
2.17. 180 =(ﬁj ~97.403° 8. i( X )= dx dx
T T dx\ 1+ cosx (1+cosx)?
o \/3 =1+cosx+x521nx
3. sm§=7 (1+cosx)
4. Domain: All reals d d
14 cot x)— (cot x) — (cot x) — (1 +cot x
Range: [-1, 1] 9, i( cotx )=( )dx( )—( )dx( )
dx\1+cotx (1+cot x)?
5. Domain: x # % for odd i k 2 2
. Domain: x # 7 or odd integers _ (1 +cot x) (___ csc X) _ (COt x) (_ cse x)
Range: All reals (1+cotx)2
2 22
csc x csc” xsin” x 1
. =+yl1-sin?a =+1-(-1)? =140 = == == =-
6. cosa _\/l sma _\/1 =D _\/6 0 (1+cot )c)2 1+ cotx)2 sin® x (sinx +cos x)2
" 1 _ _3n . d d
Iftana=-1,then a= T+kﬂ for some integer k, ; 4 ( cosx ) ) (1+sin x)a(cos x)— (cos x)zx_(“_ sin x)
e T B = - 2
sosina=ii. de\1+sinx (1+sinx)
V2 _ (1+sinx) (~sinx)— o5 x) (o5 1)
= —
8 1-cosh _(1-cosh)(l+cosh) 1-cosh . . (21+sz)2
"o h(1+ cosh) h(1+ cosh) - ZSMX 7SN X~ Cos X
) (1+sinx)?
__ sin"h _ —(l+sinx)
h(1+cosh) - (1+sin x)2
9. y'(x)=6x%-14x =71 1.
V@) =12 +sinx
The tangent line has slope 12 and passes through (3, 1), 11 v() = ds — d (5 sin £)
so its equation is y=12(x—3)+1,0r y=12x - 35. dt  dx
2 v(f)=>cost
10. a(r)=v'(t) =61~ —14¢ & d
a(3)=12 am:Z:E(S cos 1)
a(t) = —5sint

Section 3.5 Exercises

1. 5;(1+x—cosx)=0+l—(—sinx)=1+sinx
d . . )
2. E;(Zsmx—tanx):Zcosx—sec X

3. —;—x(%+53inx] =—x%+500sx

4, %(xsecx) = x%(secx)+secx%(x)

=xsecxtanx+secx

The weight starts at 0, goes to 5, and the oscillates between
5 and -5. The period of the motion is 2x. The speed is
greatest when cos ¢ = 1 (t = kxr), zero when

cost=0 (t = k771: k odd). The acceleration is greatest

when sin f= %1 [t = k77r k odd), zero when

sint =0 (¢t = k7).
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12, v(t) = % = %(7 cos )
v(t) = —Tsint

dv d
t)=—=—(-Tsint
a(t) 7 (-7 sin 1)

a(ty=-Tcost

The weight starts at 7, goes to —7, and then oscillates
between —7 and 7. The period of the motion is 27. The

speed is greatest when sin 7 =+1 (t = ]%t, k odd), Zero
when sin ¢ =0 (¢ = kz). The acceleration is greatest when

cos t = %1 (t = kr), zero whencos t =0 [t = k77r, k odd).

ds d
13. === = (2+3sint
(@ v(» p dt( sint)

v(t) = 3cost, speed = ‘3cos tl
a(t) = % = %(30030 =—3sin¢

b) v(§]=3cos(£]= i speed = ﬂ

2
4 2 2
T (7 3\/5
al| — [=-3sin| — |=——=
4 4 2

(¢) The body starts at 2, goes up to 5, goes down to —1, and
then oscillates between —1 and 5. The period of motion
is 27.

ds d
14, H)=—=—(1-4cost
(@) v( 7 dt( cos?)
v(t)=4sin ¢, speed=|4 sin t|
dv d
f)=—=—(4sint
a(t) i dt( sin £)
a(t)=4cost

®) VGJ = 4sin(%) =242, speed = 242

® v| Z|=2cosE~3sin ™
4 4 4

4 2
spﬁed:—2
a z =—2$in£—3cosz

4 4 4
a L3 _—5\/5

4 2

(c) The body starts at 3, goes to 3.606, and then oscillates
between —3.606 and 3.606. The period of the motion
is 27.

16. (a) v(t) = % = %(cost— 3sint)
W) = —sint —3cost, speed =|—sinz — 3cost|
a(t)= % = %(—Sint—3cost)

a(ty=—cost+3sint

(b) {%): —sin%—3cos£=—2\/5

4
speed =242
a(%) = —cos%+ 33in% =2

(c) The body starts at 1, goes to~3.162, and then oscillates
between 3.162 and —3.162. The period of the motion

is 27,
da d%
17. jO)=—=—
Jj@) i
f@® =2cos;
f/(®) =2sint

f’®)=-2cost
f7()=2sint

. - da _d’s
al = |=dcos| = |=242 - JO) ==
(5l n g
(c) The body starts at -3, goes up to 5, and then oscillates J,t Or=tt2cost
between 5 and 3. The period of the motion is 27. f0) =-2sint
/@) =-2cost
15. (a) v(;):‘lf:ﬁ(Zsinz+3cost) JrO=2sint
d dt 3
v(t)=ZCost—35int,speed=|2cost—3sint (n=da_ds
19. j@)=—=
I—Q—EZ t—3sint z
a(t) = 5~ g (2eost=3sin1) f()=sint—cost

a(ty=-2sint—3 cos ¢

f/(£)=cost+sint
f”(t)=—sint +cost
f”(£)=—cost—sint



da d°

20, jH)=—=—
0= 0=a
f({®)=2+2sint
f(#)=2cost
f7(#)=—2sint¢
f7()=—2cost

21. y=sinx+3
ﬂzi(sinx+3)=cosx
dx dx
¥(7) =sink+3=3
y(m)=cosm=-1
tangent: y=—1(x-7m)+3=—-x+7m+3

normal: m, =—i=-l
m
y =(x—7m)+3
22. y=secx
ﬂ=i(secx)=secxtanx
dx dx
W2 |=secZ =1.414
4 4
Y| Zl=secZ tanZ =1.414
4 4 4

tangent: y=1.414(x~ %) +1.414

y=1.414x+0.303

1
normal: m, =~—=~0.707
my

y=-0.707(x— %) +1.414 = -0.707x+1.970

23. y= x%sinx

dy

dx
y(3)=(3)?sin3=1.270

¥ (3)=2(3)sin3+(3)? cos3 = -8.063

tangent: y = —8.063(x — 3)+1.270 = —8.063x + 25.460

1

d . .
= a(x2 sinx) = 2xsinx +x2 cosx
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24, Jim SO G —cosx

h—0 h
. (cosxcosh—sinxsink)—cosx

= lim
h—>0
= Tim cosx{cosh—1)—sinxsink
h—0
= Iim((cosx) cosh-1 - (sinx)—smh)
=0 h
=(cosx)(1imLh_1J—(sinx)(limy)
-0 h -0 h

=(cosx)(0)—(sinx)(1) =—sinx

(cos x)%(sin x)— (sinx)f;(cos X)

d d sinx
25.(a) —tanx=— =
dx dx cosx (cos x)?
_ (cos x)(cos x) ~ (sin x)(—sin x)
cos® x
cos? x +sin” x 1 2
= 2 = > =8eC X
cos” x cos” x

d d
1 (cos x)a(l) - (I)E (cosx)

) isecx =— =
dx dx cosx (cosx)?

_ (cos x)(0) — (1)(—sin x)

COS2 X

sin x
=— —=secxtanx
cos” x

26. (a) Lcotx = -4 CO8*
dx dx sinx

B (sin x)%(cos x)—(cos x)%(sin x)

(sin x)2
_ (sinx)(—sin x) — (cos x)(cos x)
sin® x
. 2 2
_ —(sin” x+cos” x)
sin® x

1
=—— =—csc’ x
sin” x

(b) —j—i—cscx = Ji !

dxsitx

1 FaY A
TTOTIIIal. lﬂ2 == =U. Il
my

y=0.124(x-3)+1.270
y=0.124x+0.898

. d d .
B (smx)a(l)—(l)a(smx)

(sinx)?
_ 6inx)(0)— (1) (cos x)
sin? x
cosx

== =-—Ccscxcotx
sin” x

27. %secx = sec x tan x which is O at x = 0, so the slope of the

. d . o
tangent line is 0. Ecosx =—sinx whichis Oatx =0,

so the slope of the tangent line is O.
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b (%)=
28. itanx:seczx= 1 , which is never 0. ®) 2 fx)=0
dx cos? x —csc“ x+2cscxcotx =0
1 2cosx
d 2 1 C 2 2 =0
—cotx =—csc x=——2,WhIChIS never Q. sm x sin“x
dx sin” x
(2cosx-1)=0
sin? x
29. y() =L (V2 cos x) = -2 sinx 1
dx CosXx =—
2
J| 7 -
2]t )
The tangent line has slope —1 and passes
y(”)=4+cot£—2csc£
through (%, ﬁcos%)=(%, l), $0 its equation is 3 3 3

—4+i—2(l]
y=—-1(x—%]+1, or y=—x+%+1. \? ‘/j_
=4~-—==4-+3

V3

The normal line has slope 1 and passes through (%, 1], -
The coordinates of Q are (E’ 4-— \/g )

n n
it tionisy=1| x—— [+1, =x+1-—. . . o i
SO 1t equation 1s y (x 4 ) ory=x 4 The equation of the horizontal line is y =4 —+/3.

, d
30. Y'(x)=%tanx=seczx 32 y(x)=a(l+\/5cscx+cotx)

= 0+\/5(—cscxcotx)+(~csc2 x)

, d :
y(x)=a(2x)=2 =—+2cscxcotx—csc? x
2
sec“ x=2
(@ y Zl=—V2eseZeotZ —csc? E
secx= +I 4 PR 4
cosr e +_ =-\2(/2)()-(2)?

The tangent line has slope —4 and passes through

On (—E, E), the solutions are x =+ The points on the T T
22 4 P 2,4 . Its equation is y = —4 x—z +4, or

curve are (—%, —1) and (%, 1). y=—4x+rn+4.
p (b) y(x)=0
31 y'(x)=E(4+cotx—2cscx) —vJ2cscxcotx—csc?x=0
2 1
=0—csc? x+2cscxcotx —\/_COSX— >—=0

.2 .
sin“x  sin“x
=—csc? x+2cscxcotx

(\/Ecosx+1)=0

{7 o T e sinZx
(@) y'| — |=—csc”—+2csc—cot— 1
2 2 2 2 cosx=— T
=-12 +2(1)(0) = -1 3n
The tangent line has slope —1 and passes through x= 4 at point Q
P(—;E, 2]. Its equation isy=—1(x—%)+2, or ( j 1+\/Ecsc—+cot%r

=1+2(42)+(-1)
=2

VA
=-x+—-+2.
7 2

The coordinates of Q are (3:- 2)

The equation of the horizontal line is y = 2.



33. (a) Velocity: s'(1) = -2 cos t m/sec
Speed: | s'() | = | 2 cos t| m/sec

Acceleration: s”(¢) = 2sint m/sec
Jerk: s”(¢) = 2 cos t m/sec’

2

(b) Velocity: —2 cos%:— = —\/5 m/sec
Speed: |—\/E| = \/Em/sec

Acceleration: 2sin§ = «./5 m/sec?

Jerk: 2003% =2 m/sec?

(c) The body starts at 2, goes to 0 and then oscillates
between 0 and 4.
Speed:

Greatest when cost = *1 (or = kx), at the center of
the interval of motion.

Zero whencost=0 (or t= I%t, k odd), at the
endpoints of the interval of motion.
Acceleration:
Greatest (in magnitude) when sint = £1
(or t= ]%t, k odd)

i Zero whensint =0 (or t=km)
Jerk:

Greatest (in magnitude) when cost = 1 (or ¢t = k7).

Zero whencost =0 (or t= k77r’ k odd)
34, (a) Velocity: s'(¢) = cos ¢ — sinf m/sec
Speed: s'(H)= lcos ¢—sin ff mAec

Acceleration: s” (f) = —sin ¢ — cos ¢ m/sec’
Jerk: s (f) = —cos ¢t + sin ¢ m/sec’

(b) Velocity: cos % - sin% =0 m/sec

4&@@W—Neteshakg«})%ﬁmfg(—x%%ﬁmeo&x%eos(—O)%lﬁmd
x—0+ x—0t

Acceleration: —sin % - cos% = —\/5 m/sec?

Jerk: —cosll:-+sinE =0 m/sec’
4 4

(c) The body starts at 1, goes to \/5 and then oscillates
between i«/E .

Speed:

Greatest whent = f%t +kr

) Zero whent=%+kﬂ:

Section 3.5

Acceleration:

Greatest (in magnitude) when ¢ = g:—+ km

Zero whent = %+k7z

Jerk:

Greatest (in magnitude) whent = % +km

Zero whent = %+kﬂ?

d
35. y=—cscx=—cscxcotx
dx

”

—i(—cscxcotx)
™

=—(csc x)%(cot x)— (cotx)%(cscx)

=—(cscx)(— cse? x)—(cotx)(—cscxcotx)
=csc x +escxcot? x

36. y'=%(0tan9)

d d
=60—(tan0) + (tan0) — (@

de( )+ )de( )
=0sec? 0+ tanf

d 2
"= (@sec’ O+ tanb
y d9( sec )

o4 2004 )+ L
=0 {(5c0) GecH)] + (ec” 6) - (6) + - (an6)

115

- 4 a 2 2
= 0[(5600) 7 (secB) + (sec6) 7 (secé))]+sec O +sec” 0

=20sec? Otan @+ 2sec? @
= (20tan 6 + 2)(sec’ 6)
or, writing in terms of sines and cosines,
_ 2+20tan@
- cos2 6
_ 2cos@+20sin8
N cos> @

37. Continuous:

lim g(x)= lim (x+b)=>b. We require lim g(x)=g(0),
x—07 x—07 x—0"

so b =1. The function is continuous if b =1.

Differentiable: -

For b =1, the left-hand derivative is 1 and the right-hand

derivative is —sin (0) =0, so the function is not
differentiable. For other values of b, the function is

discontinuous at x = 0 and there is no left-hand derivative.

So, there is no value of b that will make the function
differentiable at x =0.
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38. Observe the pattern: d d . .
d . 5 ' 43, o cos2x = o [(cos x) (cos x) — (sin x) (sin x)]
—COSX =—Sinx ——Cosx =—sinx
dx 5 d d
) Zg =1 (cosx) I (cos x)+ (cos x) o (cosx) |-
—— COSx =—Co8X ——5 GOS8 X =—COsx d d
dxs ‘Z’% [(sinx)a(sin x)+ (sinx)a(sin x)]
Ecosx =sinx FCOS’C =sinx = 2(cos x) (—sin x) — 2(sin x) (cos x)
4 8 =—4sinxcosx
—— COSX =COosx d—scosx=cosx =-2(2sinxcos x)
dx dx =—2sin2x

Continuing the pattern, we see that

d" . 44, True. s'(t)=—-3cost, s’(?’—”) = —3003(
cosx = sinx when n = 4k + 3 for any whole 4

37:) 32
— [=——=>0.
4 2

n

L . 3z
number k. The derivative is positive at ¢ = e
999

Since 999 = 4(249) + 3, Wcosx =sinx. 45, False. The velocity is negative and the speed is positive

T
39. Observe the pattern: ate= @
d . d . .
Esmx=cosx ——5sinx=cosx 46. A. y=sinx+cosx
2 dx6 y'(x)=cosx—sinx
d—zsinx=-—sinx d—6sinx=—sinx y(m)=sinzw+cosw =1
dx dx y'(m)=cosm—sinzw=—1
i d . y=-1(x-m)-1
—sinx =-cosx —-sinx =—cosx
i’ dx’ y=—x+n-1
! sinx=s AR 47.B. See 46
——sinx =sinx — g Sinx =sinx - D. e 20.
dx dx o 1 i—l
Continuing the pattern, we see that 2 m -1
n y=(x-m)—-1
sinx = cosx when n = 4k +1 for any whole number k.
dx" 48.C. y=xsinx
725 ¥y =sinx+xcosx
Since 725 =4(181) + 1, ﬁ sinx = oS x. y":cosx+cosx-xsinx
=—xsinx+2cosx

40. The line is tangent to the graph of y = sin x at (0, 0). Since

d .
¥'(0) = cos (0) = 1, the line has slope 1 and its equation 49.C. v(t) = ds = 5(3 +sint)

isy=x dt
y=x v(t)=cost=0

41. (a) Using y =x, sin (0.12) =~ 0.12. o T

(b) sin (0.12) = 0.1197122; The approximation is within 2

0.0003 of the actual value. 50. (a)

4.2 sin2x = i(2sinxcosx)

dx dx

=2%(sinxcosx) S e

. d d .
B 2[(3“1 7 g oS oS (sinx) ] [-360, 360] by [~0.01, 0.02]

= 2|(sin x) (—sin x) + (cos x) (cos x)]
= 2(cos? x —sin® x)
=2cos2x for changing from degrees to radians.

el T - .
The limit is ﬁ because this is the conversion factor



]

50. Continued
(b)

N

[-360, 360} by [-0.02, 0.02]
This limit is still O.

© %sinx: limsm(x+h)—s1nx

=0 h
_ sin x cos A+ cos x sins—sin x
T 50 h
_ limsinx(cosh—1)+cosxsinh
h—0
=(1imsinx)(1im COSh_1]+(ljmcosx)(lim—sth
=0 -0 h =0 -0 h
VA
= (si 0)+(cosx)| —
(sin x) (0} + ( x)[lso
V4
=——CoSx
180
@ —d—cosleim cos(x+h)—cosx
dx h—0 h
=1imcosxcosh—sinxsinh-cosx
>0 h
=lim(cosx)(cosh—])—sinxsinh
h—-0

h
=(Iim cosx)[lim COSh_I)—(h'm sinx)(lim—smh)
B0 =0 h B0 =0 h

={cosx)(0) —(sin x) z

180
T,
=———sinx
180
d* . d =n n{ =m .
(e) —sinx=—-—-cosx=——| ————sinx
dx? dx 180 180\ 180
2
=— sin x
1807
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(cosh—1) — lim (cosh—1)(cosh+1)

51. lim
=0 h h—50 h(cosh+1)
cos® h—1
=Iim—-
h—0 h(cosh+1)
. —sin®h
h—0 h(cosh+1)

) )
0 h h-0cosh+1

0
o

52, y’:%(A sinx+Bcosx)=Acosx—Bsinx

y”=—;—(Acosx—Bsinx)z—Asinx—Bcosx
x

Solve: y'—y=sinx
(~Asinx— Bcosx)— (Asinx + Bcosx)=sinx

—2Asinx—2Bcosx =sinx
Atx:z, this gives —2A4 =1, soA:—l.
2 2
At x=0, we have -2B=0,s0 B=0.

Thus, A=—% and B=0.

Section 3.6 Chain Rule (pp. 148-156)

Quick Review 3.6
1 f(g(x) = f(x* +D=sin(x* +1)

2. fg(h(x)) = f(g(Tx) = F(Tx)* +1)
= sin[(7x)% +1] = sin(49x* +1)

3. (goh)(x)= g(h(x) = g(7x) = (Tx)* +1=49x* +1

4. (hog)(x)=h(g(x) = h(x* + ) =T(x* +1) =Tx* +7

g _ [P +1)_ . AP+l
> f[h(x)j_f( Tx ]—sm Tx

6. Vcosx+2 = g(cosx) = g(f(x)

——wcosx
d* d{ = (=
——Cosx=—| ———sinx |=———| ——Ccosx
dx? dx\ 180 1801 180

77:2
=—WCOSX

7. J3cos? x+2 = g(3cos2 x) = g(h(cos x)) = g(h(f(x))

8. 3cosx+6=3(cosx+2)=3(cosx+ 2)?
= h(yJcos x +2) = h(g(cos x)) = h(g(f (x))

9. cos27x* = f27x*) = FBBxH)?) = F(h(B3x*) = f(h(h(x))

10. cosy2+3x% = cosy3x® +2 = f(3x2 +2)
= f(g(3x) = f(g(h(x))



