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39. Continued
(b) Since the function needs to be continuous, we may
assume that a + b =2 and f(1) = 2.
i JAE=FO _ (B +m)=2
h—0" h =0~ h
= lim (-1)=-1
h—0~

a(l+h)? +b(1+h)-2

-0t h h—0t h
- lim a+2ah+ah® +b+bh—2
T o0t h
. 2ah+ah®*+bh+(a+b-2)

= lim

o0t h
= lim Q2a+ah+b)

h—0T
=2a+b

Therefore, 2a + b = -1. Substituting 2 — a for b gives
2a+(2-a)y=~1,s0a=-3.

Then b =2 —a =2 - (-3)=5. The values are
a=-3and b=35.

40. True. See Theorem 1.

41. False. The function f(x) = || is continuous at x = 0 but is
not differentiable at x = 0.

42.B.
43. A NDER(f, 5, oy = L RS20
3 1.3 —
_ ¥1.001-1-3/0.999 L 100
0.002

The symmetric difference quotient gets larger as 4 gets
smaller, so f’(1) is undefined.

200+ h)+1-(2(0)+1)

(©)

[-4.7,47 by [-3.1,3.1]

(d) You can use Trace to help see that the value of Y1 is 0
for every x < 0 and is 1 for every x > 0. It appears to be

the graph of f(x)= {?’ x<0

x20.
47, (a) \

[~4.7, 4.73 by [-3, 5]

(b) See exercise 46.

(©)

[—4.7,4.7 by [-3, 5}

(d) NDER (Y1, x, -0.1) =-0.1, NDER(Y, x, 0) = 0.9995,
NDER (Y1, x, 0.1) = 2.

48. (a) Note that ——|x| < xsin(l/x) < |x| for all x except 0,

-0

so lim (xsinl) =( by the Sandwich Theorem.
X

Therefore, fis continuous at x = 0.

44.B. lim ; Bsi 1 0
0 fO+m-fO "Y1
. 2h b = =sin—
= lim —=2 h h h
0" h
1
211-(02 (c) The limit does not exist because sin— oscillates between
45.C. 1im+(0+h) +1-(0°+1) 3
h=0 h —1 and 1 an infinite number of times arbitrarily close to
- lim ﬁ =0 h =0 (that is, for / in any open interval containing 0).
k0% h (d) No, because the one-sided limits (as in part (c)) do not
46.(a) exist.

[-4.7,4.71by [-3.1,3.1]

(b) You can use Trace to help see that the value of Y1 is 1
for every x <0 and is O for every x = 0.1t appears to be

0, x<0
the graph of f(x)= {1, >0

n? sin[—) -0
(@ 80+ -g0) _ h)  henl
h h
As noted in part (a), the limit of this as
h approaches zero is 0, so g"(0)=0.

Section 3.3 Rules for Differentiation
(pp. 116-126)

Quick Review 3.3
L 2= 4=t x? e 1-2x71 =20 1

=x+x*-2x1-2
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-1 2 2 d d
x 41 x 1 -1 39400l my=2+0=2
2. = =—+—=x+ :
(x2+1j x xox 7 dxdx dx
d_d 2,4 L- -
a 3x2_g+%=3x2_2x_1+5x_2 4 =4+ = (D=2 +140=2x41
X X
dy_d1 3) df1l,
4 _py3 + +—
" 3x 2)2c +4:3x_2 2x3 +i2 5. ax dx(3 J dx[Z ) x)
2x 22 2% 2 =xlix+l
3 2 a2
==—x"—-x+2x d
2" 6 2" E(l)——( )+—(x> ( %)
5. 420 4D =x xR e e 142072420 1 =0-1+4+2x—3x% =—1+2x 3x
3, -2
=x"4+x +2x7+2
* * * 7.‘—iz=i(x3—2x2+x+l)
1. 2 dx dx
X +x
6.7 x(x +x ) 2 +x =3%% —4x+1=0
7. \ / x=§,1
8.—42=i(x3—4x2+x+2)
dx dx
FL1d]
fildrauiry y=o =3x*-8x+1=0
[0, 5] by -6, 6] 413 4443
At x =1.173, 500x° ~ 1305. =T33 T3 O
At x =2.394, 500x° ~94,212. ~(0.131, 2.535
After rounding, we have: p d
At x =1, 500x° ~1305. 9. ﬁ:a(x“—wﬂ)
At x =2, 500x° =~ 94,212. \
=4x"-8x=0
8.(a) f10)=7 o +a
o) f(O)=7 T
© fx+h)=1 10'2 dx(4 P-6x* 1)
@ tim 2O D 3777 gimo=o0 =12x%~12x=0
x—a X—-a x—ax—a x—a x=0,1
9. These are all constant functions, so the graph of each
function is a horizontal line and the derivative of each 1L dy __(5 3_3x%)
function is 0. dx dx
c+h x =15x2 —13x1‘=0
T :_17 )
10. (a) f(.x) hmf(x+h) f(x) lim T T X
B0 h dy
12. Z=—(x* =72 +2x% +15
_hmx+h X hmlzl e dx( X" +2x )
o0 mh 0T W =4x% - 215 +4x =0
T 7
- = 21-+/377 21+4/377
x+h X =0, ————=0.198, —=5.052
® £9= i TEEDIO_ iy x40 x ; .
T 50 h
- ”x“”(x“‘h):- —nh B.@ Y- Lo+
=0 hx(x+h) h—0 hx(x + h) dx dx
T 2
= lim—- =——=—7X

>0 x(x+h) x2
Section 3.3 Exercises
dy

L= E( x )+—(3)——2x+0—-—

= (x+l)%(x2 +D+(x2 +1)%(x+1)

=+ +EE+D)Q)
=2x% +2x+x% +1
=3x%+2x+1
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13

. Continued

b_d 2
®) — =[x+ DG +1]

=i(x3+x2+x+1)

) dy_i((x+l)(x+2)): d (x2+3x+2J

“dx de\(x—D(x—2)) dx| x2—3x+2

(62 =3x+2)2x+3)— (x% +3x +2)(2x—3)

i x?=3x+2)*
=3x2+2x+1 _(2x3—3x2—5x+6)—(2x3+3x2—5x—6)
- 2_3x+2)2
dy_d[x*+3 , @
14. (a) dx—dx( . ] __12-6x
()c2 —3x+ 2)2
L 43— +3 L ) d
=_dx - dx 23.(a) Atx=0, —o @)= u( O’ (0) +(0) u’(0)
X
_x(2x) = (x> +3) =(5)2)+(-1)(-3)=13
e
® axeo, 2[1)- 1O MOV
= T dx\y [v(O)’
) _EDE3)-G0)2) 7
(b) ﬂ=i(x +3J=i(x+3x‘1)=1—3x‘2 17
dr  dx| x drx ) )
5 © Atx=0, & (zjz w0y (0)—v2(0)u (0)
= 1_;{ dx\u [u(0)]
This is equivalent to the answer in part (a). = w = %
)]
15, P +x+ D +x2+D)
% 7 +255 +x 4203 42+ x4 ]) (d) Atx=0, %(7v—2u)=7v'(0)—2u'(0)
=7x% +10x* +4x> +6x2 +2x+1 =7(2)-2(-3)=20
16. G2+ +1D) 24.(a) Atx=2, % () = u2W' )+ W 2'(2)
%w LRl ) =3+ (-4 =2
=5x* +3x% + 2x b A=z, L (g) _ Q@) -u@y' (2)
17 Q=i(2x+5)= (Bx-2)2)-(2x+5)3)___ 19 : dx\ v QeI
“dx dx\3x-2 (Gx-2) (Bx-2) _OEH-BD
1y
dy _d(x"+5x-1|_d R
8= dx[ X ]" PR © Atx=2, & (1) _ w2y () - v’ (2)
L T dx\u [u(2)
=05 A=t _Q@-04_10
©X 9
0. Y _d (x=-DE2+x+1) _d -1
Tdx dx x° dx| »° (d) Use the result from part (a) for %(uv).
d -3 —4 3 d
=—(1-x)=0+3x"4==- =
2 =) ¥E Atx=2, — (u=2v+2w)
, p d
a0, & _d ( 1-x )_ 1+ x3)(=1) - (1- x)(2x) =3u'(2)-2v'(2)+2- (w)
e — =— = x=2
dx  dx\ 1+ x> 1+x%)? =3(=4)—2(2)+2(2)
_x*-2x-1 =-12
T +x2)? 25. y'(x)=2x+5
y(3)=23)+5=11
a4 X ) (=2e0- 2B xiaox The slope is 11. (ii)
dx dx|1-x (1-x°)? (1-x°)



26. The given equation is equivalentto y= %x + 6, so the slope

is%.(iii)
3
2. @_dfxtl
dx dx\ 2x
CGBxP2x-2(3+1) _ 4x-2
4x* 45*
L AP-2 1
1:————————:——-
y® 4P 2
@ +1
)= =1
y®) 20

1 1 1
=—(x=D+l==x+—
y 2(x ) 2 *t5

4
2 L_d[x 2
P

X
@)t -2x(xt +2)  2x* -4

x* x?

, 2(-1)* -4
Y1 oy
=D*+2
._.1 —_— -
y(-1) =

y=2(x+1)+3
y=2x+5

3

D _ 4 432 _grrl)=-8x7 -8
dx

4 3 2
30, Do F XX s
4 3 2

=g O xS a2

L

dx  de\Nx+1] drl 2" +1

1 1
V2 L2 Y2 e (2 ) 2
(x )2x (x )2x

35.

36.

37.

38.

Section 3.3

y =x"+x+3
y =2x+1
yll=2
ylll=0
ylll’=0
y=x_1+x2
Y =—x7+2x
Yy =2x3+2
ym=_6x—4
y””:_24 x—-5
x+1 x 1
y =——=—+—=1+x
X X X
1
/=__x-—2____
y 2
2
” 2x—3=__
y 2
6
”m —4
Y/ ==6x" =——r
X
yw/ — 24x—5 — _%‘51_
X
y(x)=3x%-3

y(2)=3(2)%-3=9

The tangent line has slope 9, so the perpendicular line has

slope —é and passes through (2, 3).

y=—é(x—2)+3

=-1,.2
YETYR

Graphical support:

— ]

i

[-4.7,4.7] by [-2.1,4.1]

y(x)=3x>+1

The anpe is4 when3x2+1= 4, atx==41.The tangent at

99

(x1/2+1)2
%x—uz [(xuz +1)— (xuz -] %x-uz .2
- (x”2+1)2 - (x”2+1)2
_ 1
Vr(fx +1)?
dy d 1 1 1
32, L= 2y b —
dx dx( Jx ] Vo 2x?

33,y =x'+x°-2x2+x-5
y =4x>+3x% —4x+1
y” =12x% +6x—4
y” =24x+6
y” =24

x = -1 has slope 4 and passes through (—1, —-2), so its
equation is y =4(x +1) —2, or y = 4x +2. The tangent at

x =1 has slope 4 and passes through (1,2), so its equation is

y=4(x—1)+2, or y =4x —2. The smallest slope occurs

when 3x% +1is minimized, so the smallest slope is 1 and

occurs at x =0.

Graphical support:

y
]
/

[—4.7,47} by [-3.1, 3.1]
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39, y'(x)=6x%—6x—12

40.

=6(x*—x-2)

=6(x+1)(x-2)
The tangent is parallel to the x-axis wheny =0, atx =—1
and at x = 2. Since y(-1) = 27 and y(2) = 0, the two points
where this occurs are (-1, 27) and (2, 0).
Graphical support:

ANy

/

[—3, 3] by [— 10, 30]
y'(x) =32
Y(=2)=12
The tangent line has slope 12 and passes through (-2, —8),
so its equation is y =12(x +2)—8, or y=12x+16. The

. .4 . .
x-intercept is -3 and the y-intercept is 16.

43.

4.

45.

(@) Letf(x)==x.

d, o fEER-f) . (x+h)-x
de(x)—f(x)—,lll_rf(l) P _}1'1_1)1(1) .
=1imﬁ=1im(1)=1

0k k=0

(b) Note that u = u(x) is a function of x.

d (-u) = lim —u(x+h)—[-u(x)]

dx h—0 h

 lim [_u(x+h)—u(x)]

70 h
=_limu(x+h)—u(x) =_@
h—0 h dx

d d d
a;(c'f(x»—C-dxf(X)+f(x)-a(C)

=c-%f<x>+0=c-%f(x>

d
i[__l_)=f(x).0~1.af(x)__ )

Graphical s;lpport: dx\ f(x) [FOoR LFoP

/ / dP _d | nRT an®

46, —=— -
/ dv. dv|\V-nb v?
(V—nb) 4 (nRT)— (nRT)i- (V —nb)
(=3, 3] by [~20,20]. - dv av -2 (an?v?)
oo (D@ —4x(2%)  —4x> +4 (V ~nb)* av
41' Yy (x) = 2 2 = 2 2 0—nRT
(*+1) (e +1) =———+2an’V">
At the origin: y' (0) =4 (V—nb) )
The tangent is y = 4x. = __"R;T_z 2“’3’
At(1,2):y (1)=0 V-nb)y V
The tangent is y = 2. ds d
Graphical support: 47. —=—(49*)=9.8t
7 dt dt
2
f 452 98y=98
\% di*  dt
45 R_d Mz(E_MH
[—4.7,47] by [-3.1, 3.1] dM dM 2 3
2y =GEN0-820) ___ 16x SR (SHVE T SVEN AP
' (4+x)? (4+52) am\2" 3" )
Y@= 1 49, If the radius of a circle is changed by a very small amount
2 Ar, the change in the area can be thought of as a very thin

The tangent has slope —% and passes through (2, 1). Its

equation is y=——;—(x—2)+1, or y=—%x+2.

Graphical support:

T

T

[-3,5]by [-2,4]

strip with length given by the circumference, 277, and
width Ar. Therefore, the change in the area can be
approximated by (2zr)(Ar), which means that the change

in the area divided by the change in the radius is
approximately 27zr.



50. If the radius of a sphere is changed by a very small amount
Ar, the change in the volume can be thought of as a very

thin layer with an area given by the surface area, 4n'r2, and
a thickness given by Ar. Therefore, the change in the
volume can be approximated by (47rr2 Y Ar), which means
that the change in the volume divided by the change in the
radius is approximately 47r>.

51. Let t(x) be the number of trees and y(x) be the yield per tree
x years from now. Then #0) = 156, y(0) = 12,'(0) = 13,
and y’(0) = 1.5. The rate of increase of production is

d
i (1)

=390 bushels of annual production per year.

=1(0)y’(0)+ y(0)r'(0) = (156)(1.5)+ (12)(13)

x=0

52. Let m(x) be the number of members and c(x) be the
pavillion cost x years from now. Then m(0) = 65,
¢(0) =250, m’(0) = 6, and ¢’(0) = 10. The rate of change of
each member’s share is
d (i) _ m(0)c’(0)= c(0)m’(0)
dx\m)|, [m(O)F
_ (6510)—(250)(6) _
(65)°
member’s share of the cost is decreasing by approximately
20 cents per year.

—0.201 dollars per year. Each

53, False. 7 is a constant, so 7" is also a constant and hence

—;;(7#):0.

1, .
54, True. f'(x) = —— s never zero, so there are no horizontal
X

tangents.

55.B. i(uv): uﬂ+v£i—u—
dx dx  dx

=2)DH+=DHB)
=-1

56. D. f(x)=x——1~
X

Section 3.3 101

58.B. f/(x)=(x"—1)e2x+(x* +1)+2x
=2x[(x* =1+ (x* +1)]
=2x+2x"
=4x3

f/(x)=0 only when x=0
There is one horizontal tangent at x = 0.

59. (a) It is insignificant in the limiting case and can be treated
as zero (and removed from the expression).

(b) It was “rejected” because it is incomparably smaller
than the other terms: v du and u dv.

(© ﬂ—(uv) = vﬂ +u ﬂ This is equivalent to the product
dx dx  dx

rule given in the text.

(d) Because dx is “infinitely small,” and this could be
thought of as dividing by zero.

© d(z)zwl
v

v+dv v

_ (u+dw)(v)— w)(v+dv)

w+dv)(v)
_uv+vdu—uv—udy

v +vdv
_ vdu—udy
= T
Quick Quiz Sections 3.1-3.3
1.D.
2. A. Slope of normal: m; = =2 1
-1-1 2
1
Slope of tangent: my =——=-2
m
Therefore f'(1)=-2.
s ﬂi(‘“‘*)
dx  dx\ 2x+1
_4Q2x+1)~-2(4x-3)

2x+1)?
fw=1e oY
> T @xrl)?
fa=-% @
* 4. (a) %:%@4_4)&)
s7.5 L[x+1 I R
e\ -1 =4x° - 8x=4x(x*-2)=0
_(x=D)=(x+D) x=0, /2
PPN
B ® F1=400>-2)=-4
Sl =1 y=@' -4
y=-3
y=m{x—x;)+y
y=—4(x-1)-3

y=—4x+1
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4, Continued

1 1
(C) m, ——m—l—4
y==(x-1)-3
1, 1, 1, 18

Section 3.4 Velocity and Other Rates of
Change (pp. 127-140)

Exploration 1 Growth Rings on a Tree
1. Figure 3.22 is a better model, as it shows rings of equal
area as opposed to rings of equal width. It is not likely that
a tree could sustain increased growth year after year,
although climate conditions do produce some years of
greater growth than others.

2. Rings of equal area suggest that the tree adds approximately
the same amount of wood to its girth each year. With access
to approximately the same raw materials from which to
make the wood each year, this is how most trees actually
grow.

change in area
2 )
If we denote this latter constant by &, we have
k

change in radius

3. Since change in area is constant, so also is

= r, which means that r varies inversely

as the change in the radius. In other words, the change in
radius must get smaller when r gets bigger, and vice-versa.

Exploration 2 Modeling Horizontal Motion
1. The particle reverses direction at about ¢ = 0.61 and
t=2.06.

T=0
l=g. Y=

2. When the trace cursor is moving to the right the particle is
moving to the right, and when the cursor is moving to the
left the particle is moving to the left. Again we find the

4. We can represent the velocity by graphing the parametric
equations

X, (8)=x,"(t) =121* =32t +15, y,(£) = 2 (part 1),
x5(0)=x,"(t)=12¢* =32t +15, y, () =t (part 2),
xg() =1, Y5 (1) = x,"(t) =12¢* =32 +15 (part 3)

[—8,20] by [-3, 5]
(g

"]

P

]

[—8,20] by [-3, 5]
(x5 ¥5)

./

[—2, 5] by [-10, 20]
(x5 Yg)
For (x,, y,) and (x5, y5), the particle is moving to the right
when the x-coordinate of the graph (velocity) is positive,
moving to the left when the x-coordinate of the graph
(velocity) is negative, and is stopped when the
x-coordinate of the graph (velocity) is 0. For (x4, y;),the
particle is moving to the right when the y-coordinate of the
graph (velocity) is positive, moving to the left when the
y-coordinate of the graph (velocity) is negative, and is
stopped when the y-coordinate of the graph (velocity) is 0.

Exploration 3 Seeing Motion on a Graphing
Calculator
1. Let tMin = 0 and tMax = 10.

2. Since the rock achieves a maximum height of 400 feet,
set yMax to be slightly greater than 400, for example
yMax = 420.

4. The grapher proceeds with constant increments of # (time),

— particle reverses direction at about £ =0.61 and £ =2.06

Lo

::""::::

3. When the trace cursor is moving upward the particle is
moving to the right, and when the cursor is moving
downward the particle is moving to the left. Again we find
the same values of ¢ for when the particle reverses direction.

\ |

v

so pixels appear on the screen at regular time intervals.
When the rock is moving more slowly, the pixels appear
closer together. When the rock is moving faster, the pixels
appear farther apart. We observe faster motion when the
pixels are farther apart.

Quick Review 3.4

1. The coefficient of x? is negative, so the parabola opens
downward.
Graphical support:

N
/ N

[-1, 91 by [—300, 200}




